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Exceptional points, the spectral degeneracy points in the complex parameter space, are fundamental to non-
Hermitian quantum systems. The dynamics of non-Hermitian systems in the presence of exceptional points dif-
fer significantly from those of Hermitian ones. Here we investigate non-adiabatic transitions in non-Hermitian
PT -symmetric systems, in which the exceptional points are driven through at finite speed which are quadratic
or cubic functions of time. We identity different transmission dynamics separated by exceptional points, and
derive analytical approximate formulas for the non-adiabatic transmission probabilities. We discuss possible ex-
perimental realizations with a PT -symmetric non-Hermitian one-dimensional tight-binding optical waveguide
lattice.
I. INTRODUCTION
In recent years, the emerging field of non-Hermitian quan-
tum systems with parity-time (PT ) symmetry [1–14], i.e.,
non-isolated coupled quantum systems with balanced gain
and loss [15–18], has attached great interest due to the poten-
tial for new quantum devices and applications [19–38], and
has opened up new opportunities and challenges for both the-
orists and experimentalists [39–62].
In conventional quantum mechanics, it is an axiom that the
dynamics of a state of an isolated quantum system is governed
by a Hermitian Hamiltonian (Hˆ = Hˆ†), which ensures real
energy eigenvalues as well as an unitary time evolution for
which the total probability of finding a particle in space is
conserved. However, for a non-isolated quantum system with
gain and loss, the total probability is in general not conserved,
which yields a non-unitary time evolution described by a non-
Hermitian Hamiltonian (Hˆ , Hˆ†). Remarkably, as shown by
Bender and Boettcher [1, 2], the realness of the eigenvalues is
ensured by a wide class of non-Hermitian Hamiltonians, i.e.,
class of Hamiltonians which are symmetric under the parity-
time (PT ) transformations. Here, the actions of the parity
P and time T operators are defined as P: i → i, xˆ → −xˆ,
pˆ → − pˆ and T : i → −i, xˆ → xˆ, pˆ → −pˆ, where xˆ and pˆ are
position and momentum operators respectively [1, 2]. Hence,
the action of the parity-time operator is PT : i→ −i, xˆ→ −xˆ,
pˆ → pˆ, where the operator P is linear, and the operator T is
anti-linear, as it changes the sign of i. The operators P and
T are commute, i.e., [P,T ] = 0, which satisfy the relations
P2 = T 2 = 1, P = P† and T = T † [5]. For a single particle
in one-dimensional space equipped with a Hamiltonian Hˆ ≡
pˆ2/2m+ Vˆ(x), the condition of PT symmetry is equivalent to
Vˆ(x) = Vˆ∗(−x).
Similar to the connection between symmetries and degen-
eracies of energy levels in Hermitian systems,PT symmetries
lead to a new type of spectral degeneracies in non-Hermitian
systems, known as the exceptional points, where the real and
imaginary parts of certain eigenvalues, as well as the associ-
ated eigenstates coalesce. In a striking contrast to the spectral
degeneracies of Hermitian Hamiltonian, at which the eigen-
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states can still be chosen to be orthogonal to one another,
the spectral degeneracies induced by PT symmetries cause
a loss of dimensions in non-Hermitian systems, as certain
eigenstates become completely parallel and the Hamiltonian
matrix becomes defective at the exceptional points. In other
words, exceptional points are branch point singularities of the
spectrum of the Hamiltonian [9], at which certain eigenstates
posses a finite overlap even in the absence of any perturbation.
The intriguing properties of PT symmetric non-Hermitian
systems give rise to many counterintuitive features. A gen-
eral PT symmetric Hamiltonian may undergo a parity-time
symmetry breaking phase transition, in which complex eigen-
values appear. For a non-Hermitian two-state Hamiltonian Hˆ
with eigenstates φ1 and φ2, and eigenvalues λ1 , λ2, the con-
dition of PT symmetry leads to Hˆ(PTφ1) = λ∗1(PTφ1), and
similarity for φ2. Clearly, the states PTφ1,2 are also eigen-
states of Hˆ with eigenvalues λ∗1,2. Hence, the simplest solution
is PTφ1,2 = φ1,2 and λ∗1,2 = λ1,2, indicating the realness of the
eigenvalues. However, there always exists another possible
solution, PTφ1,2 = φ2,1 and λ∗1,2 = λ2,1, which shows that
φ1 and φ2 are no longer the simultaneous eigenstates of the
PT operator, and the associated eigenvalues form a complex
conjugate pair. In this regard, even though the Hamiltonian
still possesses the PT symmetry, it is spontaneously broken
in certain regions of the parameter space, accompanied with
complex eigenvalue bifurcation. By changing the parameters,
one may reveal the underlying eigenvalue topological struc-
ture of non-Hermitian systems, where the real and imaginary
parts of the eigenvalues form a set of multi-sheet Riemann
surfaces centered around the exceptional points in the param-
eter space. When encircling an exceptional point, there is an
unconventional level crossing behavior, accompanied with a
phase change of one eigenstate but not of the other [3, 4]. Par-
ticularly intriguing behavior is that dynamically encircling an
exceptional point leads to chiral behaviors [63], such that the
encircling direction of the exceptional point determines the fi-
nal output state [64].
In this work, we consider the dynamics of a non-Hermitian
PT symmetric system which directly goes through an assem-
bly of exceptional points. Despite of its great importance, the
non-Hermitian generalization of the two-level Landau-Zener
paradigm has only recently been analyzed by Longstaff [14],
and the associated non-Hermitian Landau-Zener-Stu¨ckelberg
interferometry was analyzed by Shen [65]. Here, we go one
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FIG. 1. Schematic of the energies and overlap of the adiabatic eigen-
states for the parabolic case with v(t) ≡ αt + βt2 and Γ = const. The
real and imaginary parts of the eigen-energies are shown in blue solid
lines and red dash lines respectively.
step further and analyze, both analytically and numerically,
the non-hermitian generalization of the parabolic and super-
parabolic models, in which the exceptional points are driven
through at finite speed which are quadratic or cubic functions
of time. We consider the case that the system is almost Her-
mitian when the parameters are far away from the exceptional
points, such that the instantaneous eigenstates are nearly or-
thogonal. Specifically in this case it is relevant to consider
the transmission probabilities that are the ratio of the trans-
mission populations to the total population. We derive analyt-
ical approximate formulas for the transmission populations as
well as the transmission probabilities. Unlike previous studies
on non-adiabatic transitions in Hermitian systems [66, 67], in
which the transition points separating different dynamics re-
gions are not predetermined, the benefit of our approach is to
approximate separately the transmission dynamics by simple
functions like hyperbolic or hypergeometric ones in the pre-
determined regions of broken and unbroken PT symmetry.
II. NON-ADIABATIC TRANSITIONS IN
NON-HERMITIAN TWO-LEVEL SYSTEMS
To begin with, let us consider the following simple 2 × 2
non-Hermitian Hamiltonian matrix
Hˆ =
( −v iΓ
iΓ v
)
, (1)
which is PT -symmetric, i.e., [PT , Hˆ] = 0, where P ≡ ( 0 11 0 )
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FIG. 2. Schematic of the energies and overlap of the adiabatic eigen-
states for the super-parabolic case with v(t) = αt+γt3 and Γ = const.
The real and imaginary parts of the eigen-energies are shown in blue
solid lines and red dash lines respectively.
and T performs complex conjugation [6]. Here, the parame-
ters v and Γ are all real, and Γ can be set to positive without
loss of generality. This Hamiltonian describes two states with
an energy difference 2v and a nonreciprocal coupling iΓ. Be-
cause of the non-hermiticity, there are two different regions
in the parameter space. For |v| > Γ, the two eigenvalues
± ≡ ±
√
v2 − Γ2 are all real, which refers to the region of un-
broken PT symmetry. On the other hand, for |v| < Γ, the two
eigenvalues ± ≡ ±i
√
Γ2 − v2 are complex conjugate to each
other, which refers to the region of brokenPT symmetry. The
boundaries of the two regions, i.e, |v| = Γ, are an assembly of
exceptional points at which the two eigenvalues coalesce, and
the associated eigenstates become completely parallel.
We may calculate the left and right instantaneous adiabatic
eigenstates |χ±〉 and |φ±〉, which are defined by Hˆ|φ±〉 = ±|φ±〉
and 〈χ±|Hˆ = ±〈χ±|, and can be explicitly expressed as
|φ±〉 = 1N±
(
iΓ
v + ±
)
, 〈χ±| = 1N±
(
iΓ v + ±
)
, (2)
where N± ≡ √2±(v + ±) are the normalization constants that
give the inner products 〈χ±|φ∓〉 = 0 and 〈χ±|φ±〉 = 1. As a
result, we obtain the eigen-decomposition of the Hamiltonian,
Hˆ = +|φ+〉〈χ+| + −|φ−〉〈χ−|, as long as there is no energy
degeneracy, i.e., + , −. The overlap of the instantaneous
adiabatic eigenstates |φ+〉 and |φ−〉 has the form
g ≡ |〈φ−|φ+〉|√|〈φ−|φ−〉〈φ+|φ+〉| =
{
Γ/|v|, for |v| ≥ Γ,
|v|/Γ, for |v| ≤ Γ, (3)
which becomes unity at the exceptional points and vanishes
3when v drops to zero (see Figs. 1 and 2).
To continue, let us denote the state of the system as |ψ(t)〉 ≡
(ψ1(t), ψ2(t))T , where ψ1(t) and ψ2(t) are the wave amplitudes
in the diabatic basic. When the conditions |ψ1(−∞)| = 0
and |ψ2(−∞)| = 1 are initially fulfilled, the problem of non-
adiabatic transition is to determine the transmission probabil-
ities at t → +∞ given by
P1(t) ≡ |ψ1(t)|
2
|ψ1(t)|2 + |ψ2(t)|2 , P2(t) ≡ 1 − P1(t). (4)
From the Hamiltonian Eq. (1), one obtains the Schro¨dinager
equations for the two wave amplitudes ψ1 and ψ2
iψ˙1 = iΓψ2 − v(t)ψ1, (5a)
iψ˙2 = iΓψ1 + v(t)ψ2, (5b)
from which one immediately obtains the second-order differ-
ential equations that ψ1 and ψ2 obey
ψ¨1 + [v2(t) − Γ2 − iv˙(t)]ψ1 = 0, (6a)
ψ¨2 + [v2(t) − Γ2 + iv˙(t)]ψ2 = 0. (6b)
For unitary evolutions, |ψ2(t)|2 can be calculated from |ψ1(t)|2
due to the conservation of total population, i.e., |ψ1(t)|2 +
|ψ2(t)|2 = const. However, for non-unitary evolutions, the to-
tal population is in general not conserved, and hence |ψ2(t)|2
has to be calculated separately even when |ψ1(t)|2 is known.
Fortunately, for our non-Hermitian two level model, we have
d
dt
|ψ1|2 = ddt |ψ2|
2 = Γ(ψ∗1ψ2 + ψ
∗
2ψ1),
which implies that the difference between the level popula-
tions, |ψ2|2 − |ψ1|2, is still a constant. For the special case
that the separation of diabatic energies varies linearly with
time, i.e., v(t) = αt and Γ = const, Eqs. (6a) - (6b) describe
the non-Hermitian generalization of the Landau-Zener model,
which has the following exact solutions for the final level pop-
ulations: |ψ1(∞)|2 = epiΓ2/α − 1 and |ψ2(∞)|2 = epiΓ2/α, pro-
vided that the system is initially subjected to the constraints
ψ1(−∞) = 0 and |ψ2(−∞)| = 1. In general, when the linear
separation of the diabatic energies is modified by an additional
term cntn, i.e., v(t) ≡ αt + cntn and Γ ≡ const, ψ1 and ψ2 are
governed by
ψ¨1 + (c2nt
2n + 2αcntn+1 − incntn−1 + α2t2 − Γ2 − iα)ψ1 = 0,
ψ¨2 + (c2nt
2n + 2αcntn+1 + incntn−1 + α2t2 − Γ2 + iα)ψ2 = 0.
Clearly, unlike the conventional Hermitian models associated
with n level-crossing points, there are in general 2n excep-
tional points for the non-Hermitian systems.
For the parabolic case with c2 ≡ β , 0, we obtain ψ¨1 +
(β2t4 + 2αβt3 + α2t2 − 2iβt − Γ2 − iα)ψ1 = 0 and ψ¨2 + (β2t4 +
2αβt3 +α2t2 +2iβt−Γ2 + iα)ψ2 = 0. After a change of variable
τ ≡ t + α2β , the equation that governs ψ1 becomes
d2ψ1
dτ2
+
(βτ2 − α24β
)2
− Γ2 − 2iβτ
ψ1 = 0, (7)
(a) v(t) = αt + βt2 (b) v(t) = αt + γt3
FIG. 3. Schematic of the critical surfaces in the parameter space
for the parabolic and super-parabolic non-Hermitian two-level mod-
els. In Fig. 3a, the critical surface is determined by α4 = 16Γ2β2.
There are four exceptional points for the space outside the criti-
cal surface; whereas there are two exceptional points for the space
within the critical surface. On the critical surface, there are three
exceptional points. In Fig. 3b, the critical surface is determined by
4α3 = −27γΓ2. There are six exceptional points for the space be-
neath the critical surface; whereas there are two exceptional points
for the space above the critical surface. On the critical surface, there
are four exceptional points.
where ψ2 satisfies a similar equation with −2iβτ replaced by
2iβτ. For this system, there are at most four exceptional points
located at τ = ± 12|β|
√
α2 ± 4Γβ2. For α4 > 16Γ2β2, there are
four exceptional points; for α4 < 16Γ2β2, by contrast, there
are only two exceptional points; whereas for α4 = 16Γ2β2,
there are three exceptional points. Hence, α4 = 16Γ2β2 de-
fines a critical surface in the parameter space (see Fig. 3a).
After the transformation z ≡ √2iβ/3τ, Eq. (7) becomes the
second canonical form of the tri-confluent Heun equation
d2ψ1
dz2
+
(
µ − ξ
2
4
+ νz − 3
2
ξz2 − 9
4
z4
)
ψ1 = 0, (8)
where µ ≡ −Γ2, ν ≡ −√6iβ and ξ ≡ −iα2/(2β).
For the super-parabolic case with c3 ≡ γ , 0, we obtain
ψ¨1 + (γ2t6 + 2αγt4 + (α2 − 3iγ)t2 − Γ2 − iα)ψ1 = 0 and ψ¨2 +
(γ2t6 + 2αγt4 + (α2 + 3iγ)t2 − Γ2 + iα)ψ2 = 0. There are at
most six exceptional points determined by the cubic equations
γt3 + αt ± Γ = 0. Without loss of generality, we may assume
that γ > 0. For 4α3 + 27γΓ2 < 0, there are six exceptional
points; for 4α3 + 27γΓ2 > 0, by contrast, there are only two
exceptional points; whereas for 4α3 + 27γΓ2 = 0, there are
four exceptional points. Hence, 4α3 + 27γΓ2 = 0 defines a
critical surface in the parameter space (see Fig. 3b). After the
transformations τ ≡ t2 and U1 ≡ τ1/4ψ1, the equation that
governs ψ1 becomes
d2U1
dτ2
+
(
3
16τ2
− Γ
2 + iα
4τ
+
α2 − 3iγ
4
+
αγτ
2
+
γ2τ2
4
)
U1 = 0.
(9)
After another change of variable ξ ≡ √−iγ/2τ, it becomes the
second canonical form of the bi-confluent Heun equation
d2U1
dξ2
+
(
1 − µ2
4ξ2
− η
2ξ
+ λ − ν
2
4
− νξ − ξ2
)
U1 = 0, (10)
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FIG. 4. Schematic of the non-Hermitian two-level dynamics gener-
ated by the Hamiltonian (1), where the separation of diabatic energies
2v varies in time as v(t) = αt + γt3. In Fig. 4a and Fig. 4c, the dy-
namics in terms of the variables S 0, S 1 and S 2 are shown on an unit
hyperboloid of two sheets in red solid lines. In Fig. 4b and Fig. 4d,
the total population S 0 = |ψ1|2 + |ψ2|2 are shown in blue solid lines,
and the exceptional points are shown as dashed lines.
where µ = − 12 , ν = α
√
−2i
γ
, λ = 32 and η = − ν2 (1 + Γ
2
iα ).
III. ANALYTICAL APPROXIMATIONS TO THE
TRANSMISSION PROBABILITIES
To visualize and analyze the non-Hermitian dynamics, one
may introduce four real variables, i.e., S 0 ≡ |ψ1|2 + |ψ2|2, S 1 ≡
ψ∗2ψ1 + ψ
∗
1ψ2, S 2 ≡ −i(ψ∗2ψ1 − ψ∗1ψ2) and S 3 ≡ |ψ2|2 − |ψ1|2,
which obey S 20 − S 21 − S 22 = S 23 = const. As one may write
S 1 ≡ (S 20 − S 23)1/2 cos Θ and S 2 ≡ (S 20 − S 23)1/2 sin Θ with Θ ≡
argψ1 − argψ2 being the relative phase between the two wave
amplitudes ψ1 and ψ2, S 1 and S 2 are related to the total level
population S 0 and the relative phase Θ. For the case when the
system is initially in the instantaneous eigenstates, we obtain
S 3 = ±1. Hence, both |ψ2|2 ≡ 12 (S 0 ± 1) and |ψ1|2 ≡ 12 (S 0 ∓ 1)
can be determined from the total level population S 0.
The non-Hermitian two-level dynamics may be visualized
on a hyperboloid of two sheets with S 0 being the horizontal
direction (see Figs. 4a and 4c), which is described by the fol-
lowing set of differential equations
S˙ 0 = 2ΓS 1, (11a)
S˙ 1 = 2ΓS 0 − 2v(t)S 2, (11b)
S˙ 2 = 2v(t)S 1. (11c)
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FIG. 5. Schematic of the transition probabilities and the level popula-
tions as functions of time. In Figs. 5a and 5c, the transmission proba-
bilities given by P1 ≡ |ψ1|2/(|ψ1|2 + |ψ2|2) and P2 ≡ |ψ2|2/(|ψ1|2 + |ψ2|2)
are shown as blue and red solid lines respectively. In Fig. 5a, there
are two exceptional points located at t = ±0.68233, which are shown
as dashed lines. In Fig. 5c, there are six exceptional points located
at t = ±3.38762, ±2.87408 and ±0.51354. In Figs. 5b and 5d, the
level populations |ψ1|2 and |ψ2|2 are shown as blue and red solid lines
respectively.
When the system is initially (t = ti) in one of the instan-
taneous eigenstates with |v|  Γ, the coupling between the
two states is weak. Thus, the system is expected to follow
the initial instantaneous eigenstate, until the first exceptional
point is reached. For the case when there are only two ex-
ceptional points at t = t1 and t = t2 (t1 < t2), the two wave
amplitudes ψ1 and ψ2 as well as the total population can be
regarded as constants for t ≤ t1. After the first exceptional
point is reached, the total population grows exponentially in
the region of broken PT symmetry, i.e., t1 ≤ t ≤ t2, which
is also demonstrated by the fast escaping trajectory on the hy-
perboloid (see Figs. 4a and 4b). As the coupling between the
two states is strong compared to |v| in the region of broken
PT symmetry, one may neglect the term −2vS 2 in Eq. (11b),
which yields S¨ 0 = 4Γ2S 0. The total population S 0 as well
as the other two variables S 1 and S 2 for t1 ≤ t ≤ t2 can be
approximated by
S 0(t) ≈ S 0(t1) cosh(2Γ(t − t1)) + S 1(t1) sinh(2Γ(t − t1)),
S 1(t) ≈ S 0(t1) sinh(2Γ(t − t1)) + S 1(t1) cosh(2Γ(t − t1)),
S 2(t) ≈ S 2(t1) + 2S 0(t1)
∫ t
t1
v(s) sinh(2Γ(s − t1))ds
+ 2S 1(t1)
∫ t
t1
v(s) cosh(2Γ(s − t1))ds, (12)
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FIG. 6. Schematic of the transmission probabilities P1 ≡
|ψ1|2/∑2i=1 |ψi|2 and P2 ≡ 1 − P1 for the parabolic case (α = β = Γ =
1) and the super-parabolic case (α = γ = Γ = 1). For the parabolic
case, there are two exceptional points located at t = −1.61803
and 0.61803 (dashed lines); for the super-parabolic case, there are
two exceptional points located at t = ±0.68233 (dashed lines). In
Figs. 6a and 6c, the initial state is one of the instantaneous eigen-
state; in Figs. 6b and 6d, the initial state is a randomly selected state
(P1 = 0.1). The numerical results are shown in red and blue lines;
the approximate solutions are shown in magenta and green lines.
where S k(t1) ≡ S k(ti). After leaving the last exceptional point
at t = t2, the total population approaches to its stationary value
in the region of unbroken PT symmetry (see Fig. 4b), which
may be understood by neglecting the term 2ΓS 0 in Eq. (11b).
Defining Φ(t) ≡ 2 ∫ tt2 v(t)dt, one obtains
S 1(t) ≈ S 1(t2) cos Φ(t) − S 2(t2) sin Φ(t),
S 2(t) ≈ S 1(t2) sin Φ(t) + S 2(t2) cos Φ(t),
S 0(t) ≈ S 0(t2) + 2ΓS 1(t2)
∫ t
t2
cos Φ(s)ds
− 2ΓS 2(t2)
∫ t
t2
sin Φ(s)ds), (13)
where S k(t2) are evaluated using Eq. (12). For a large negative
initial time ti → −∞, if the system is initially in the instanta-
neous eigenstate with ψ1(−∞) = 0 and |ψ2(−∞)| = 1, we have
(S 1, S 2, S 0) = (0, 0, 1). Hence, we obtain a simple analytical
formula for the total population at t → ∞
S 0(∞) ≈ cosh(2Γ∆t) + 2Γ sinh(2Γ∆t)
∫ ∞
t2
cos Φ(t)dt
− 4Γ
∫ t2
t1
v(t) sinh(2Γ(t − t1))dt
∫ ∞
t2
sin Φ(t)dt, (14)
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FIG. 7. Schematic of the transmission probabilities for the super-
parabolic case (α = γ = Γ = 1) with two exceptional points located
at t = ±0.68233 (dashed lines). In Figs. 6c and 7a, the initial state is
one of the instantaneous eigenstates; whereas in Figs. 6d and 7b, the
initial state is a randomly selected state (P1 = 0.1). The numerical
solutions are depicted in red and blue lines; whereas the analytical
approximate solutions are depicted in magenta and green lines. In
Figs. 7a and 7b, the first transition point t0 = −1.08171 is depicted in
red dashed line.
where ∆t ≡ t2 − t1 is the size of the region of broken PT sym-
metry. In particular, Eq. (14) recovers the result S 0(∞) = 1
for Γ = 0. In general, when there are more than two excep-
tional points, analytical approximations to the final transmis-
sion probabilities can also be obtained by neglecting either of
the terms 2ΓS 0 or −2vS 2 in Eq. (11b) in the regions of un-
broken or broken PT symmetry, and gluing the solutions at
the boundaries of different regions. In Fig. 6, we depict the
transmission probabilities P1 and P2 based on the analytical
formulas Eqs. (12) - (14), and compare the results to numeri-
cal simulations. Figs. 6a and 6b show that the final transmis-
sion probabilities are well-approximated by Eq. (14) for the
parabolic case for both initial instantaneous eigenstates and
random selected initial states. However, as one may see from
Figs. 6c and 6d, there is an overestimation of P2 and an un-
derestimation of P1 for the super-parabolic case, which are
possibly caused by the negligence of the contribution from
the coupling between the two states just before reaching the
first exceptional point.
In order to reduce the accumulated errors in the final trans-
mission probabilities, one may add a transition region in front
of the first exceptional point. As one may see from Eqs. (6a)
- (6b), the term v2 − Γ2 is exactly zero at the exceptional
point and gradually increases until it balances the terms ±iv˙.
Hence, the boundaries of the transition regions, which are re-
ferred to the transition points, may be determined by the con-
dition |v˙(t)| = |v2(t) − Γ2|. In particular, for v(t) = αt + γt3,
the transition points are the real roots of the sextic equation
γ2t6 + 2αγt4 + (α2 ± 3γ)t2 − Γ2 ± α = 0. Let us denote the
transition point before the first exceptional point t1 as t0. For
the transition region between t0 and t1, we may assume that
v ≈ −Γ, so that Eqs. (11a) - (11c) are replaced by S˙ 0 = 2ΓS 1,
S˙ 1 = 2Γ(S 0 + S 2) and S˙ 2 = −2ΓS 1. As a result, S 0 + S 2 be-
comes a constant, and so does S˙ 1. Hence, the total population
6and the other two variables S 1 and S 2 can be approximated by
S 1(t) ≈ 2Γ(S 0(t0) + S 2(t0))t + S 1(t0),
S 2(t) ≈ −2Γ2(S 0(t0) + S 2(t0))t2 − 2ΓS 1(t0)t + S 2(t0),
S 0(t) ≈ 2Γ2(S 0(t0) + S 2(t0))t2 + 2ΓS 1(t0)t + S 0(t0). (15)
Here, S k(t0) = S k(ti) when the system is initially in an in-
stantaneous eigenstate. For other cases, S k(t0) are determined
by Eq. (13) with S k(t2) replaced by S k(ti). In particular, for
the special case that ψ1(−∞) = 0 and |ψ2(−∞)| = 1, we have
S 0(−∞) = 1 and S 1(−∞) = S 2(−∞) = 0. Hence, the modified
analytical formula for the total population at t → ∞ is
S 0(∞) ≈ (1 + 2Γ2t21) cosh(2Γ∆t) − 2Γt1 sinh(2Γ∆t)
+ 2Γ[(1 + 2Γ2t21) sinh(2Γ∆t) − 2Γt1 cosh(2Γ∆t)]
∫ ∞
t2
cos Φ(t)dt
− 4Γ[(1 + 2Γ2t21)
∫ t2
t1
v(t) sinh(2Γ(t − t1))dt − Γ2t21
+ 2Γt1
∫ t2
t1
v(t) cosh(2Γ(t − t1))dt]
∫ ∞
t2
sin Φ(t)dt. (16)
In Figs. 7a - 7b, the analytical approximations to the transmis-
sion probabilities are depicted for the super-parabolic case,
after Eq. (15) for t0 ≤ t ≤ t1 are taken into account. The re-
sult shows that the final transmission probabilities are well-
approximated by the modified analytical formulas for both
initial instantaneous eigenstates and random selected initial
states.
IV. APPLICATION TO PT -SYMMETRIC
TIGHT-BINDING LATTICE
We now discuss how the parabolic and super-parabolic
models studied in the last sections can be realized in a PT -
symmetric non-Hermitian one-dimensional tight-binding op-
tical waveguide lattice with an index gradient, where the hop-
ping dynamics of a single particle on the lattice is described
by the Hamiltonian [14, 68–73]
Hˆ ≡
∑
n
{−κ(|n〉〈n+1|+|n+1〉〈n|)+[iΓ(−1)n+Fn]|n〉〈n|}, (17)
where κ is the hopping rate between the adjacent sites, Γ(−1)n
is an alternating gain and loss of the site energies, which may
be achieved by metal-cladding on waveguides with n odd, and
F is an index gradient along the lattice, which may be experi-
mentally achieved by bending the waveguides [72]. The one-
dimensional lattice described by the Hamiltonian (17) can be
used to achieve one-way robust light transport in the present
of disorder [71, 72].
We now study the non-Hermitian system in the basis of the
Bloch states |k〉 ≡ 1√
2pi
∑
n eikn|n〉, where k ∈ [−pi, pi] is the crys-
tal momentum. In the absence of the index gradient (F = 0),
the Bloch state ψ(k) in the crystal momentum representation
obeys i(d/dt)ψ(k) = −2κ cos kψ(k) + iΓψ(k + pi), and the state
ψ(k + pi) obeys i(d/dt)ψ(k + pi) = 2κ cos kψ(k + pi) + iΓψ(k).
Hence, one may introduce the two-component state vector
|Ψ(k)〉 ≡ (ψ(k), ψ(k + pi))T , whose time evolution is governed
by the Bloch Hamiltonian
hˆ(k) =
( −2κ cos k iΓ
iΓ 2κ cos k
)
. (18)
When a static force is applied to the lattice by engineering
the refractive index of the waveguides, an initial state that is
close to an eigenstate of the Bloch Hamiltonian (18) would ex-
periences non-adiabatic transitions between the energy bands,
which are non-Hermitian generalizations of the conventional
Bloch oscillations, and correspond to a splitting of the beam
in real space. In such a case, the Hamiltonian which governs
the two-component state vector becomes
hˆ(k, q) =
( −2κ cos k − Fq iΓ
iΓ 2κ cos k − Fq
)
, (19)
where q ≡ id/dk is canonical conjugate to k, i.e., [q, k] = i. In
the Hermitian band theory, the expectation value of the crystal
momentum obeys the acceleration theorem, 〈k〉t = 〈k〉0 + Ft.
As shown by Longstaff and Graefe [14], the acceleration the-
orem can be applied to non-Hermitian systems, as long as
the initial uncertainty in the crystal momentum is negligi-
ble. Hence, the non-adiabatic transition dynamics can be ef-
fectively described by the Hamiltonian (18), with the crystal
momentum k being replaced by its expectation value 〈k〉t =
〈k〉0 + Ft. One may then Taylor expand the effective Hamilto-
nian around the band edge k = pi/2, and obtains (after shifting
the time origin)
hˆ(t′) ≈
( −αt′ − γt′3 iΓ
iΓ αt′ + γt′3
)
, (20)
where α ≡ 2κF, γ ≡ −κF3/3, t′ ≡ t−t0, and t0 ≡ 12F (pi−2〈k〉0).
The resulting Hamiltonian (20) is then equivalent to the non-
Hermitian Hamiltonian (1) for the super-parabolic case. Inter-
estingly, the number of exceptional points of the Hamiltonian
(20) is irrelevant to the amplitude of the static force F. For the
case that κF < 0 and |κ| < 3Γ/4√2, there are two exceptional
points; when |κ| > 3Γ/4√2, there are six exceptional points;
when |κ| = 3Γ/4√2, there are four exceptional points. Simi-
larly, one may Taylor expand the effective Hamiltonian around
k = 0, and obtains (after subtracting a constant −2κ + κ〈k〉20
from the Hamiltonian)
hˆ(t) ≈
( −αt − βt2 iΓ
iΓ αt + βt2
)
, (21)
where α ≡ −2κ〈k〉0F and β ≡ −2κF2. The resulting Hamilto-
nian (21) is then equivalent to the non-Hermitian Hamiltonian
(1) for the parabolic case. Similar to the super-parabolic case,
the number of exceptional points for Hamiltonian (21) is irrel-
evant to the amplitude of the static force F. For |κ| < 2Γ/〈k〉20,
there are two exceptional points; for |κ| > 2Γ/〈k〉20, there are
four exceptional points; for |κ| = 2Γ/〈k〉20, there are three ex-
ceptional points.
7V. CONCLUSION
We discussed the non-Hermitian dynamics of a two-level
quantum system driven through an assembly of exceptional
points at finite speed which are quadratic or cubic functions
of time. We derived analytical approximate formulas for the
non-adiabatic transmission probabilities for both the parabolic
and super-parabolic cases. We demonstrated possible experi-
mental realizations in one-dimensional graded index photonic
crystal waveguide, which may be applied to unidirectional
light transport in modulated waveguides. We found that for
both the parabolic and super-parabolic cases, the number of
exceptional points increases as the hopping rate between the
neighboring sites increases. In future works, we may extent
the current approximation procedure to the cases where both
the amplitude of the alternating gain and loss and the index
gradient are time dependent.
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Appendix A: Evaluation of Eq. (14) for the parabolic model
For v(t) ≡ αt + βt2 with α4 < 16Γ2β2, the integral which
involves hyperbolic sine function in Eq. (14) may be evaluated
using the indefinite integral∫
v(t) sinh(2Γ(t − t1))dt
= (
v
2Γ
+
v¨
8Γ3
) cosh(2Γ(t − t1)) − v˙4Γ2 sinh(2Γ(t − t1)), (A1)
which yields
I1 ≡
∫ t2
t1
v(t) sinh(2Γ(t − t1))dt
= (
v(t2)
2Γ
+
β
4Γ3
)(cosh(2Γ∆t) − 1) − v˙(t2)
4Γ2
sinh(2Γ∆t)
= (±1
2
+
β
4Γ3
)
[
cosh
(
2Γ
β
√
α2 ± 4βΓ
)
− 1
]
−
√
α2 ± 4βΓ
4Γ2
sinh
(
2Γ
β
√
α2 ± 4βΓ
)
, (A2)
where we have used v(t2) = v(t1) = ±Γ, v˙(t2) = ±
√
α2 ± 4βΓ
and ∆t = ± 1
β
√
α2 ± 4βΓ for β = ±|β|. In particular, for Γ→ 0,
we have I1 → ±Γ2α2/β2.
We now evaluate the two definite integrals
∫ ∞
t2
cos Φ(t)dt
and
∫ ∞
t2
sin Φ(t)dt in Eq. (14), where Φ(t) ≡ 2 ∫ tt2 v(s)ds. To
begin with, let us consider the integral
I2 ≡
∫ ∞
t2
eiΦ(t)dt = e−i(αt
2
2+
2
3 βt
3
2)
∫ ∞
t2
ei(αt
2+ 23 βt
3)dt. (A3)
After the change of variable τ ≡ t + α2β , Eq. (A3) becomes
I2 = e−
2iβ
3 (τ
3
2−3k2τ2)
∫ ∞
τ2
e
2iβ
3 (τ
3−3k2τ)dτ, (A4)
where k ≡ α2β . After the transformation x ≡ ( 2β3 )1/3τ and
λ ≡ 3k2( 2β3 )2/3, Eq. (A4) becomes
I2 = (
3
2β
)1/3e−i(x
3
2−λx2)
∫ ∞
x2
ei(x
3−λx)dx
= (
3
2β
)1/3e−i(x
3
2−λx2)
∞∑
m=0
(−iλ)m
m!
∫ ∞
x2
xmeix
3
dx. (A5)
We now evaluate the generalized Fresnel integrals in terms of
the confluent hypergeometric functions∫
xmeix
n
dx =
xm+1
m + 1 1
F1
( m+1
n
m+n+1
n
| ixn
)
=
xm+1
m + 1
eix
n
1F1
(
1
m+n+1
n
| − ixn
)
. (A6)
Using the asymptotic expansion of the confluent hypergeo-
metric function
xm+1
m + 1 1
F1
( m+1
n
m+n+1
n
| ixn
)
∼ 1
n
Γ
(
m + 1
n
)
eipi(m+1)/(2n). (A7)
Eq. (A5) becomes
I2 = (
3
2β
)1/3
eipi/6
3
e−i(x
3
2−λx2)
∞∑
m=0
(−iλeipi/6)m
m!
Γ
(
m + 1
3
)
− ( 3
2β
)1/3eiλx2
∞∑
m=0
(−iλx2)m
m!
x2
m + 1 1
F1
(
1
m+4
3
| − ix32
)
. (A8)
Substituting Eqs. (A2) and (A8) into Eq. (14), the total popu-
lation at t → ∞ becomes
S 0(∞) ≈ cosh
(
2Γ
β
√
α2 ± 4βΓ
)
± 2Γ sinh
(
2Γ
β
√
α2 ± 4βΓ
)
·
(
3
2β
)1/3Re
eipi/63 e−i(x32−λx2)
∞∑
m=0
(−iλeipi/6)m
m!
Γ
(
m + 1
3
)
−eiλx2
∞∑
m=0
(−iλx2)mx2
m!(m + 1) 1
F1
(
1
m+4
3
| − ix32
)
−
[
(±4Γ + β
Γ2
)
(
cosh
(
2Γ
β
√
α2 ± 4βΓ
)
− 1
)
−
√
α2 ± 4βΓ
Γ
sinh
(
2Γ
β
√
α2 ± 4βΓ
) ·
(
3
2β
)1/3Im
eipi/63 e−i(x32−λx2)
∞∑
m=0
(−iλeipi/6)m
m!
Γ
(
m + 1
3
)
−eiλx2
∞∑
m=0
(−iλx2)mx2
m!(m + 1) 1
F1
(
1
m+4
3
| − ix32
) . (A9)
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